A gauge theory of second order in the derivatives of the auxiliary field is constructed following Utiyama's program. A novel field strength G = ∂F + f AF arises besides the one of the first order treatment, F = ∂A − ∂A + f AA. The associated conserved current is obtained. It has a new feature: topological terms are determined from local invariance requirements. Podolsky Generalized Eletrodynamics is derived as a particular case in which the Lagrangian of the gauge field is LP ∝ G 2 .
Introduction
Symmetry is one of the most important concepts in physics. Group theoretical methods are used to find complete solutions for many systems, particles were found by symmetry arguments, from Noether's work we learn how to relate symmetries to conservation laws. In this context a natural question is: by imposing to a system a generalized version of some previous existent symmetry, would it be possible to determine new features? In particular, starting from a kinetic Lagrangian with a global symmetry, would it be possible generate interactions via localization of the symmetry? In other words, could local kinematical symmetries also imply dynamics?
The general answer to these questions is yes, if the local symmetry is represented by a general Lie group, and it was found by Utiyama [1] in 1956 showing that it is possible to keep the action invariant under point dependent transformations of the matter field if one introduces a new field, the gauge potential, and derives a minimal coupling prescription which determines the fundamental interactions. Some years later, Ogievetski an Polubarinov [2] presented a criticism to this gauge principle by means of what is known today as B-Field formalism [3] . Notwithstanding, gauge principle remains as a cornerstone of modern physics.
On the other hand, if one assumes that the equations of motion are derivable from some Lagrangian, a natural way to generalize a given theory is to suppose that the Lagrangian of the field contains terms involving derivatives of higher order. Poincaré in 1901, when discussing the law of inertia, already called our attention to the importance of higher order equations [4] : "(...) The law of inertia (...) is not imposed on us a priori (...). If a body is not acted upon by a force, instead of supposing that its velocity is unchanged we may suppose that its position or its acceleration is unchanged. (...) in the second case, [we may suppose] that the variation of the acceleration of a body depends only on the position of the body and of neighbouring bodies, on their velocities and accelerations; or, in mathematical terms, the differential equations of motion would be of (...) third order (...)." The non-singular Hamilton-Lagrange theory was extended to arbitrary order by Ostrogradsky [5] in 1850, generalizing the form of canonical momenta. Following this reasoning, Bopp [6] and Podolsky [7] independently proposed a generalization of electrodynamics containing second order derivatives. Quantization of the theory resulted in finite energies in 1-loop approximation. This generalized electrodynamics was able also to explain the 4/3 factor in Abrahaam-Lorentz theory [8] as an electromagnetic mass term. Inspired by Podolsky's work, Green [9] included another term involving the second derivative obtaining a generalized meson-field theory with finite energies at 1-loop. The relative success of these achievements motivated some authors to propose finite extensions of Quantum Chromodynamics (QCD) [10] and also to advocate that higher order terms would be able to explain the quark confinement. The undesired feature of the Podolsky's theory is the lack of unitarity at 1-loop for its quantum version, and it is an open question if this characteristic can be ruled out in a nonperturbative scheme.
The scope of the present work is to construct a gauge theory for Lagrangians of second order on the auxiliary field, following Utiyama's procedure. Section 2 is devoted to fixing the notation, to reviewing how the gauge potential A appears and why it ensures the invariance of action integral. In the next section, we assume a Lagrangian of the type L A, ∂A, ∂ 2 A for the gauge potential and show that this Lagrangian must depend on A and its derivatives only through the usual field strength F = ∂A − ∂A + f AA and a second field strength G = ∂F + f AF , a new quantity that naturally turns up in the second order theory. The covariance of F and G under the gauge transformation is proved in the same section 3 and the Bianchi identities for these two objects are also deduced.
After settling the basis of the general theory, we proceed to the analysis of the current derived from the total Lagrangian -the matter one plus the gauge Lagrangian -in section 4. If Utiyama's definition of current is kept, one obtains a quasiconserved current instead of a conserved one. An alternative choice is to define the current in a different fashion to enforce conservation.
As an application, in section 5, it is demonstrated that the Podolsky Generalized Electrodynamics can be derived from the second order gauge theory from a Lagrangian of the type L P ∝ G 2 .
Local Invariance and the Gauge Field
Let Q A (x), (A = 1, 2, ..., N ) be a general matter field whose Lagrangian density is
We postulate the action integral,
to be invariant under the global infinitesimal transformation:
where ǫ a is an infinitesimal parameter independent of x (a = 1, 2, ..., n) and T A a B are constant matrices. In what follows, we assume that the transformation (2) belongs to a Lie group G dependent on n parameters ǫ a . Then the structure constants f b a c are defined by 
which is the same as Jacobi identity, and
in accordance with (3) . From the invariance of the action under (2) in any spacetime volume Ω, it
Using the independence of the parameters we find,
In order to write (7) we consider a variation δ which is strictly functional, i.e., the spacetime point is not changed. Rewriting (6) by using Leibniz rule,
The field equation (1) must be satisfied, so that
Now let us consider the following infinitesimal transformation with a point dependent parameter
ǫ a (x) = arbitrary infinitesimal functions (a = 1, 2, ..., n).
In this case,
We see in this case that δL does not vanish -still assuming that (7) is valid even that ǫ a = ǫ a (x). If one wants to preserve invariance of the Lagrangian under (9), it is necessary to introduce a new field [1] , called gauge potential,
This new object is covariant, since it transforms exactly like the original field, i.e.,
and it substitutes the ordinary derivative in the original Lagrangian, in a prescription named minimal coupling for description of the interaction,
Usual derivatives are replaced, in the original Lagrangian, by the covariant derivative given by (12) .
Gauge Field Second Order Lagrangian
Let us take a Lagrangian for the auxiliary field as a functional kernel dependent up to second order derivatives,
We will impose that this kernel is invariant under (11), so
Substituting the transformation law for the gauge potential in this equation,
Since ǫ a and its derivatives must be functionally independent, we are led to
This set of equations forms a hierarchy informing us about the dependence of the Lagrangian with respect to the gauge potential and its derivatives. To solve this hierarchy is the main aim of Utiyama's general program. The solution of the above system gives the covariant objects of the theory as well as the functional dependence of the Lagrangian on these objects.
Hierarchical Equations Solution

Solution of the Equation (16)
The equation (16) can be rewritten in the form
Once this equation involves only the dependence of the Lagrangian density on the second derivatives of the gauge potential, one may propose that this dependence appears through the following object:
with A, B and C being arbitrary constants to be determined. However, (16) implies that R a ανµ must have a cyclic permutation symmetry:
The Lagrangian is now dependent on A 
0 (A, ∂A, R). Observe that the object
characterizes completely R a ανµ in the sense that it alone defines the cyclic property. Therefore there is no need for the special linear combination shown in (19), and it is sufficient to take only one term, say
where we chose A ≡ 1 without loss of generality.
Solution of the Equation (15)
Let us consider now the equation (15) written in the form:
See that the second curly bracket is identical to the first one changing ν ←→ α. Then it is enough to take
or, using (20),
The solution for this functional partial differential equation is such that the functional dependence of L (1) 0 with respect to R shall be through the object
which in fact satisfies (22), and therefore verifies (15). With this new quantity we pass from L
0 (A, ∂A, Q). A second independent solution to (15) can be found if one rewrites it in terms of L (2) 0 (A, ∂A, Q),
In this case, the dependence on the second derivative is eliminated and the dependence on the first derivative can figure only via the combination
Thus, when we construct Q we are actually selecting a sector of the gauge potential Lagrangian. Here we have introduced the antisymmetric operation
for a general O µν . Analogously, the symmetric part is defined as
Solution of the Equation (14)
Our next step is to rewrite the equation (14) in terms of the new functional dependence of the Lagrangian,
The solution of this equation utters that the functional form of the Lagrangian density depends on three objects:
Due to this, the Lagrangian kernel cannot be explicitly dependent on the gauge potential A.
Solution of the Equation (13) -Condition on the Lagrangian
After all that, we must put the equation (13) in terms of the new objects F and G,
or, applying the Leibniz rule and the Jacobi identity,
This is a condition on the Lagrangian of the gauge potential which must be satisfied for the local symmetry to hold.
New Expressions for R, Q and G
In order to reduce the number of independent objects in the expressions above we will write G in terms of F and A. To do so, let us consider initially that, from (20),
. Inserting F , eq. (24), here we get
and from (23):
.
Using these informations to evaluate G results
and with (24), 
where D β is a type of Fock-Ivanenko derivative [11]
This kind of structure in terms of a Fock-Ivanenko-like derivative is exhibited also by F when written as
in which
with a factor 1/2 in the spin connection ω d a ρ , different from eq. (29). This difference refers to the fact that A e is a connection and not a vector like F d . By the way, F e µν can also be interpreted as a "curvature" associated to FockIvanenko derivative, (29). Let T be an arbitrary vector under the Lie group, i.e., it transforms in the same way as pointed by (9) for the matter field Q.
Bianchi Identity
Above we have seen that local invariance implies that the second derivative of the gauge potential will necessarily attend in the form of an object that exhibits cyclic permutation symmetry in its indices, which we have called R (see equation (17)). Bellow, we prove that this property is reflected in G. Starting from (28) we obtain
The Jacobi identity, then, establishes
the Bianchi identity.
1 Thereafter, the Bianchi identity (33) is a natural consequence of the local symmetry in the second order formalism as dictated by the hierarchical equations (13) to (16), and not just an a priori equality constructed with F .
This identity and the manifest skew-symmetry of F a µν in its spacetime indices, allow us to rewrite G as
in the same suggestive form as (30) for F .
Transformation Law
Next, we construct the transformation law for G. Remembering 
Therefore and, applying the transformation law for the gauge potential and the Jacobi identity,
Then just like F , G is also covariant under the action of the local Lie group, 2 i.e., it transforms like a vector under the action of the Lie group.
Second Order Current
From the minimal coupling prescription the total Lagrangian is
Observe that the total Lagrangian is a function of the second derivatives of A, by means of G in L 0 . From the variational calculus,
The vanishing of the variation of the total Lagrangian results in an equation composed of two terms: a volumetric and a superficial one, which must be null independently.
The Variation of the Total Lagrangian
The variation of L T = L T Q A , ∂Q A , A, ∂A, ∂ 2 A is:
. 2 We could have arrived at the same conclusion with a glance at (27),
which is nothing but the invariance condition of the Lagrangian δL , one obtains
In the same way,
Substituting these expressions in δL T :
We can employ ∇ µ Q A , eq. (12), to conclude
Remembering the form of δA a µ , (11), it results
Hierarchical Equations for the Current
The vanishing of the volumetric term in δL T = 0 gives
from which we extract the equations of motion
By the same way from the vanishing of the superficial term,
Substituting in M ν the transformation law (9) of the matter field we have,
and
Employing (39) one is able to see that
Since ǫ c and its derivatives are completely independent and arbitrary functions,
with
These equations constitute a hierarchical set of equations which governs the conservation law associated to the local symmetry, in a similar way that eqs. (13) to (16) is antisymmetric in its last two indices,
Though this very equation suggests
what can be proved from the cyclicity of G as dictated by (33).
Solution of the Hierarchical Equations for the Current
The identity (47) 
, then the condition (43) writes
≡ 0 .
Quasi conserved Current
Let us define
(48) The condition (42) now gives
and O are antisymmetric, therefore
On the mass shell,
it follows the quasiconservation of the current J µ a ,
The term "quasi" is understood in the sense:
If one chooses boundary conditions such as
= 0 , the conservation of J ν a is recovered. This kind of boundary condition occurs when A e ρ and its first derivative are null on the boundary ∂Ω, for instance. It is interesting to note that in the case of an abelian group, or in a first order approach, this conservation is also achieved.
Conserved Current
An alternative definition for the current is
Therefore
Under the equations of motion the current (49) is strictly conserved, ∂ νJ ν c = 0 . Observe that this current is a true Euler-Lagrangian derivative, while (48) is not.
Concerning the Currents
The current (48) is explicitly
Again, the first two terms are the first order current, plus second order terms involving G in the first and the second lines, and topological terms in the last one.
It is worth to remember that the topological currents
for (48), ort
for the definition (49), cannot have their origins explained by the equations of motion, but the general local invariance scheme brings them with it.
5 Application: U (1) Group
Podolsky's second order theory for the electromagnetism consider the Lagrangian density [7] 
We will check that the Podolsky's theory fulfils the condition for a second order gauge theory. The equations to be satisfied are (13) to (16), which we reproduce bellow:
The first equation is automatically verified for the U (1) group by virtue of the nullification of the structure constants. Therefrom, for this group any scalar constructed with the tensors F and G is a possible Lagrangian, in principle.
The next two equations are identical to the first order ones
and consenquently hold in the case of Podolsky Lagrangian (52). It remains to be verified the last of the hierarchical equations. From (52),
and by cyclic permutation,
and we see that the Podolsky's theory is in fact a second order gauge theory a la Utiyama. Alternatively, one can start straight ahead from the second order gauge theory for the U (1) group and write the G tensor (28),
from which we can construct a vector, e.g.,
and obtain a second order Lagrangian equivalent to the additional term proposed by Podolsky:
Notwithstanding, there are other possible Lagrangians densities. For instance, consider
which satisfies all the hierarchical equations by the same arguments given before. Using the Bianchi identity (33) one concludes
Perceive that this is the Podolsky Lagrangian apart from a surface term:
Then L G is equivalent to Podolsky's taking 2b 2 = a 2 . We can explore another order of contraction to the indices of G:
By the cyclicity symmetry (33)
Again, this is Podolsky Lagrangian, except by a superficial term, with c 2 = a 2 . Therefore we can infer that all the quadratic Lagrangian in G are reducible to the Podolsky's form since there are only two possible cases for indices contractions with respect to the derivative of F : or the indices in the derivatives are contracted between them or they are contracted with one of the F F . In the first case one uses the Bianchi identity, which reduce all contractions to the second case. But the second case is just Podolsky's, or can be put in this form by an adequate surface term.
For these reasons, we see that the most general Lagrangian for the U (1) group in a theory a la Utiyama is
which is the Podolsky Electrodynamics Lagrangian.
U (1) Currents
With (50) for the case U (1),
, or still,
and this means that, except by a topological term, the second order formalism has no effect over the current if the symmetry is U (1) and one uses the definition (48). Now if we employ (51),
which differs from J ν by a new topological term. On the other hand, if one adopts in the first order formalism the definition (49),
, the same topological term, ∂ µ F µν , is obtained.
General Remarks
In this work we saw how Utiyama's approach to gauge theory can be extended to include second order derivatives of the gauge potential. The development showed the need for the introduction of a new object G c βρσ , as well as the already familiar field strength F e βσ . Both are covariant and have a Bianchi identity associated with it, which was derived from hierarchical equations for the auxiliary field Lagrangian.
The nullification of the variation of the total Lagrangian conducted us to conserved currents that have two possible definitions. The first one was defined as in the first order treatment, but it is only quasiconserved. Conversely, we could define a new current, which differs structurally from the one proposed by Utiyama, but is characterized by its conservation. Another advantage of the general Utiyama's procedure is the obtainment of topological currents from a local invariance. It is a new tool to study topological aspects of gauge theories from their local symmetry, and must be better investigated in the future.
We also saw how the second order development can be implemented in the simple case of the U (1) group leading to the well-known Podolsky Generalized Electrodynamics.
Among the perspectives opened by this work we can cite another natural extension to Utiyama's work allowing the Lagrangian to depend also on the second derivative of the matter field ∂ 2 Q, which is presently under study. Other possibilities are commented in the next sections.
Generalization for Higher Order Theories
In order to get a generalization to higher orders, we note that some structures apparently repeat themselves in the first and second order formalisms. For example, the introduction of the gauge potential as a compensator achieve to the local invariance and the hypothesis L 0 = L 0 (A, ∂A) leads to conclude that the derivative of A must respect the symmetry
In the second order extension one finds that the second derivative accomplishes
Therefore, it seems natural to suppose for a nth-order theory the higher order derivative appearing only in an object where P {α 1 , ..., α n } is to denote the permutation of indices and P cycl {α 1 , ..., α n } cyclic one. This identity can be understood as a generalization of the Bianchi identity.
Other recurrent structures are as follows. Introduced the auxiliary field A, the tensor F can be written as (30) In the second order case a new object comes into place (34)
In time, we can admit it is imperative, for a third order theory, the emerging of a new object whose functional form is and the structure is in fact consistent. It is important to note that this is not a rigorous proof of the third order structure, but a significant signal of its form.
We have seen that the local gauge invariance condition upon the first order Lagrangian is [1] Therefore, it appears natural to expect the restriction An additional point is to investigate if higher order terms gives more information about the confinement phenomenon using, for example, Wilson criterion, as noted in [10] . Once more, to recognize the geometrical connection which defines the holonomies would be a good guide.
Constraint Analysis
The local gauge symmetry imply the existence of constraints in any order of derivatives which require a special attention in order to construct the Hamiltonian description.
The analysis of the constraints for a second order Lagrangian can be implemented using several approaches, such as that in [12] for Podolsky Electrodynamics. Nevertheless, the study of an specific Lagrangian for non-abelian groups is interesting in view of the applications for QCD and gravitation. This study is presently under implementation by means of Hamilton-Jacobi technique.
